A Combinatorial Approach to Ramana’s Exact
Dual for Semidefinite Programming

Gabor Pataki
Statistics and Operations Research, UNC Chapel Hill

ACORN 2025, Carnegie Mellon, Oct 11



A pair of Semidefinite Programs (SDP)

infxy CeX sup,, bly
A; e X =b; (1 € [m]).

Here

e A;,,C are symmetric matrices, b € R™.

e A < B means: B — A is positive semidefinite (psd).
e Ae B = Zi’j a;;jb;;.

e X >0 d<:>ef all principal subdeterminants are nonnegative.



SDP duality

infxy CeX sup,, bly
(P) sit. X >0 >y Ai X C (D)
A; e X =b; (1 € [m]).
Easy: If X and vy are feasible, then C e X > b'y.
But:

e unattained optimal values
e positive duality gaps
e Slater’s condition helps, but it can fail.

e poly time solvable only under restrictive assumptions



Alternative system to prove infeasibility

ian Ce X
A; e X =b; (1 € [m]). bly = —1

Easy: (P) infeasible <= (ALT-P) feasible
But:

.
e Thus (ALT-P) is not useful for complexity
e not known whether feasibility of (P) is in P



\ooo) K
Ay
/O 0 1\
010X = \—}/
\100 )/ 2
Az
X >~ 0
Why infeasible?
e Suppose X feasible = x1; = 0
= 12 =213 =0

= x99 — —1, contradiction!



000|eX =0

Ay
(00 1)
010 'X:\—}/
\\100)/ 2
A2
X >0

But (ALT-P) is also infeasible: Ay € R? s.t.
Y11 + y2As = 0, Y161 + Y200 = —1.



Ramana’s amazing results from 1995

e An exact dual of (D) : equal optimal values, and Ramana
dual always attains, when finite

e Exact infeasibility certificate of (D) : it is feasible < (D)
infeasible

e Data of Ramana dual and Ramana infeasibility certificate is
same as data of (D).



Ramana’s amazing results from 1995

e An exact dual of (D) : equal optimal values, and Ramana
dual always attains, when finite

e Exact infeasibility certificate of (D) : it is feasible < (D)
infeasible

e Data of Ramana dual and Ramana infeasibility certificate is
same as data of (D).

Corollary: SDP feasibility
e & NPNco-NP in real number model.

e is either in € NPMco-NP or € NPUco-NP in Turing model.
e is not NP complete in Turing model, unless NP =co-NP

After 30 years, still the best result we have.



A lot of followup work

e 335 citations

e Other correctness proofs, connection to FR: Ramana, Tun-
cel, Wolkowicz 1997; P 2000

e Luo, Sturm, Zhang 2000: another correctness proof

e De Klerk, Terlaky, Roos 2000: Use of Ramana’s dual in
self-dual embeddings.

e P 2000, 2013: generalization to conic LPs over nice cones .

e Klep, Schweighofer 2013: exact dual, with analogous prop-
erties, based on algebraic geometry

e Liu-P 2017: Ramana dual for arbitrary conic LPs

e Lourenco-P: 2022 One more correctness proof
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cel, Wolkowicz 1997; P 2000

e Luo, Sturm, Zhang 2000: another correctness proof

e De Klerk, Terlaky, Roos 2000: Use of Ramana’s dual in
self-dual embeddings.

e P 2000, 2013: generalization to conic LPs over nice cones .

e Klep, Schweighofer 2013: exact dual, with analogous prop-
erties, based on algebraic geometry

e Liu-P 2017: Ramana dual for arbitrary conic LPs
e Lourenco-P: 2022 One more correctness proof
e Very popular in computer science community.

e Fairly long/technical proofs: subdifferentials, relative interi-
ors, faces, conjugate faces, gauge functions, quadratic mod-
ules ...

e Structure of feasible solutions of Ramana’s dual and alter-
native system is not yet completely understood



Plan

(1) State a suitable variant of Ramana alternative system of (P)
(2) Recall reformulations from Liu-P, 2015, SIOPT

(3) Give elementary proof of alternative system’s correctness



Plan

(1) State a suitable variant of Ramana alternative system of (P)
(2) Recall reformulations from Liu-P, 2015, SIOPT

(3) Give elementary proof of alternative system’s correctness

Only use two ingredients:
e Strong duality under Slater’s condition

e Basic linear algebra

(4) Analogous elementary proof for Ramana dual

(5) More in depth analysis than previously available: charac-
terize not just optimal value, but also feasible set.

Notation:
AX ;= (A1 X,...,Ane X)), A'y:=>" yA,;



Ramana’s alternative system (Ram-Alt-P)

(P) is infeasible < 3 0 < k <mn — 1:

U=V, =0
Ay = U; + 'V,
bTy* = 0

U; € Si

Vi € tan (U;—1) )
A*y € S? + tan (Ug)
bly = —1

> for ¢ € [k]

Like (Alt-P)

is feasible.



Ramana’s alternative system (Ram-Alt-P)

(P) is infeasible < 3 0 < k <n —1:

U=V, =0
Ay' = U; + 'V,
bly: = 0

U, € st

Vi € tan (U;—1) )
A*y € S% + tan (Uy)
bTy = —1

> for ¢ € [k]

Like (Alt-P)

is feasible.
o tan(U) = tan(U,S") = {V € S" : dist(U = €V,S") = o(e)}
o tan(U) is tangent space of S at U.

10 01 1 €
E.g. tan > , since ~ 0.

00 10 € €2



Ramana’s alternative system (Ram-Alt-P)

(P) is infeasible < 3 0 < k <mn — 1:

Up=Vy = 0
Ayt = U; +V;
bTy* = 0

U € s

Vi € tan (Ui—1) |
A*y € S? + tan (Ug)
bly = —1

> for ¢ € [k]

Like (Alt-P)

is feasible.

e tan(U) is representable by SDP:

otan(U):{W—l—WT: ~03IA>0



Ramana’s alternative system (Ram-Alt-P)

(P) is infeasible < 3 0 < k <mn — 1:

Up=Vy = 0
Ayt = U; +V;
bTy* = 0

U € s

Vi € tan (Ui—1) |
A*y € S? + tan (Ug)
bly = —1

> for ¢ € [k]

Like (Alt-P)

is feasible.

e Naturally, at least as strong as classical alternative (Alt-P)
since 0 € tan(U) VU >~ 0



Ramana’s alternative system (Ram-Alt-P)

(P) is infeasible < 3 0 < k <mn — 1:

U=V, =0
Ay = U; + 'V,
bTy* = 0

U; € S’_’F

Vi € tan (U;—1) )
A*y € S? + tan (Ug)
bly = —1

> for ¢ € [k]

Like (Alt-P)

is feasible.
e In words: in (Ram- Alt-P) we decompose each A*y’ and
A*y into a psd part and a tangent space part.
e <= is easy

e —> 1s hard.



Reformulations

infy CeX
(P) st. X =0
A; e X =b; (1 € Im]).

We obtain a reformulation of (P) by a sequence of the follow-
ing:
e Elementary row operations on the equations of (P)

e For a V invertible matrix

A; «— VTAV (i € [m]),C «+ VTCV.



Theorem: (P) infeasible <> it has a reformulation

AeX =0(i=1,...,k)
A;c—i—l o X = —1 (Pref)
X = 0
where kK > 0., and for 2 =1,...,k+ 1

r1+...+7r;—1 r; N—T1—...—7T;
Tl n-ri —_— N

X X X

A= < é 8 >, A = X I 0

X 0 0

with »; > 0 V.



Theorem: (P) infeasible <> it has a reformulation

AeX =0(G=1,...,k)
A;c—i—l o X = —1 (Pref)
X = 0
where kK > 0., and for 2 =1,...,k+ 1

r1+...+7;1 r; N—T1—...—T;
Tl n-ri —_— N

X X X

A= < é 8 >, A = X I 0

X 0 0

with r; > 0 Vi. Liu-P, 2015

Proof of “ <= ” : Suppose X feasible in (P,.f)
= first ; rows of X are O

= first »; + ...+ r, rows of X are 0
= trace of diag. block of X is —1, contradiction!

Proof of “ = ” : Also not hard P-Touzov, 2022



Theorem: (P) infeasible <> it has a reformulation

AeX =0(G=1,...,k)
A;c—i—l o X = —1 (Pref)
X = 0
where kK > 0., and for 2 =1,...,k+ 1

r1+...+7;1 r; N—T1—...—T;
Tl n-ri —_— N

X X X

A= < é 8 >, A = X I 0

X 0 0

with »; > 0 V.

Standard form of empty spectrahedra.



Example, with £ = 1

(100)

000|eX =0

\000)
A
(00 1)
010|eX = —1

\100)
A

\ .

\




Back to Ramana’s alternative system (Ram-Alt-P)

(P) is infeasible < 3 0 < k <mn — 1:

Up=Vy = 0
Ay = U, +V,
bl'y* = 0

U; € ST

Vi € tan (U;—1) )
A*y € S% + tan (Uy)
bly = —1

> for ¢ € [k]

Like (Alt-P)

is feasible. Key observation: (Ram- Alt - P) invariant under
reformulating (P).



Back to Ramana’s alternative system (Ram-Alt-P)

(P) is infeasible = 30 < k <n —1:

Up="Vo =0
Ay' = U, + V;
bly: = 0

U, € s"

Vi € tan (U;—1) )
Ay € ST + tan (Uy)
bly = —1

> for ¢ € [k]

Like (Alt-P)

is feasible. Key observation: (Ram- Alt - P) invariant under
reformulating (P).

Why? (P) constraints are AX = b. Reformulations
e replace A<+ M A, b+ Mb, so A* by A*M* for M invertible.

e do rotations, which preserve tangent spaces.

So we assume infeasible (P) was reformulated into (P,).



Useful fact about tangent spaces

(oo = (20
(o) ()



Matrices in (P,or) naturally decompose

I, 0
0 0

G 7
-~

A1=U;>0

(xrl X x\ (Irl 0 0\ (xrl X x\
X I.,, Of=101IL,0[+|] x 00

\x 00) \ 0 00) \ X 00)

) Ay S Use0 o Vactan(Uy) ’

(XT1+T2 X X\ /IT1+?°2 0 0\ /XT1+T2 X X\

x I, 0| = o I,o|l+| x oo ...
\ X 0 0 ) \ 0 00 ) \ x 00 )
) As T Us =0 o Vactan(Us) i

= yl:=ey,...,y" := ey, y := ep, feasible in (Ram- Alt-P)



Part 2: Ramana’s dual (Ram-D)

Recall our SDP pair:

infx CeX sup,, bly

Unattained optimal values, positive duality gaps . ..so we want
a better dual.



Prep: the strong dual

Suppose a max rank feasible solution (P) is

0O O
X =Q Q', with Q orthonormal, A positive definite.
0 _A,

rra

Then the optimal values of (P) and
sup b'y

m X X T
s.t. C — Zi:l yzAf,, c Q o Q (Dstrong)
X D

agree, and latter is attained when finite.

So, a good strong dual.



Prep: the strong dual

Suppose a max rank feasible solution (P) is

0 O
X =Q Q"', with Q orthonormal
0 _A

/ra

Then the optimal values of (P) and
sup b'y

m X X T
s.t. C — Zi:l yzAz - Q EB Q (Dstrong)
X @

agree, and latter is attained when finite.
So, a good strong dual.

Catch: in general, we do not know such an X! So, not an
explicit SDP.



Ramana’s dual (Dgr.m)

sup b'y
st. C—A'ye S" +tan(U,_1)
U=V, =0
. )
Ay' = U; +V;
bTyi — 0 .
> for i € [n — 1]
U, € St
V; € tan (U;_,) )

Explicit SDP



Ramana’s dual (Dgr.m)

sup b'y
st. C—A'ye S" +tan(U,_1)
U=V, =0
. )
Ay' = U; +V;
bTyi — 0 .
> for i € [n — 1]
U, € St
V; € tan (U;_,) )

Explicit SDP
Theorem
y is feasible in (Dgtrong)
<~
y is feasible in (Dg.,,) withsome {v*, U;, V;}



Ramana’s dual (Dgr.m)

sup b'y
s.t. C— Ay € S? +tan (U,—1)
U=V, =0
. )
Ay' = U; +V;
bTy'i — 0 .
> for i € [n — 1]
U, € St
V; € tan (U;_,) )

Feasible set of (Dg¢rong) is lifted into feasible set of (Dgram)
The latter is a lift, or extended formulation of the former.

Lifts, extended formulations: Balas; Conforti-Cornuejols-Zambelli;
Gouveia-Parrilo-Thomas; ...

Corollary Strong duality between (P) and (Dgray)



Machinery used

e At start: subdifferentials, relative interiors, faces, conjugate
faces, gauge functions, quadratic modules ...

e More recently, only 2 ingredients:

— Strong duality under Slater condition
— Basic linear algebra

e Analogy with LP: in LP we need strong duality+ basic linear
algebra.



Thank youl!



